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[1] Empirical power law expressions of the form NCCN = Csk have been used in cloud
physics for over 4 decades to relate the number of cloud condensation nuclei (CCN) and
droplets formed on them to cloud supersaturation, s. The deficiencies of this
parameterization are that the parameters C and k are usually constants taken from the
empirical data and not directly related to the CCN microphysical properties and
this parameterization predicts unbounded droplet concentrations at high s. The activation
power law was derived in several works from the power law Junge-type aerosol size
spectra and parameters C and k were related to the indices of the power law, but this still
does not allow to describe observed decrease of the k-indices with s and limited NCCN.
Recently, new parameterizations for cloud drop activation have been developed based
upon the lognormal aerosol size spectra that yield finite NCCN at large s, but does not
explain the activation power law, which is still traditionally used in the interpretation of
CCN observations, in many cloud models and some large-scale models. Thus the relation
between the lognormal and power law parameterizations is unclear, and it is desirable
to establish a bridge between them. In this paper, algebraic and power law equivalents are
found for the lognormal size spectra of partially soluble dry and wet interstitial aerosol,
and for the differential and integral CCN activity spectra. This allows derivation of the
power law expression for cloud drop activation from basic thermodynamic principles
(Köhler theory). In the new power law formulation, the index k and coefficient C are
obtained as continuous analytical functions of s and expressed directly via parameters of
aerosol lognormal size spectra (modal radii, dispersions) and physicochemical properties.
This approach allows reconciliation of this modified power law and the lognormal
parameterizations and their equivalence is shown by the quantitative comparison of these
models as applied to several examples. The advantages of this new power law relationship
include bounded Nd at high s, quantitative explanation of the experimental data on the
k-index and possibility to express k(s) and C(s) directly via the aerosol microphysics. The
modified power law provides a framework for using the wealth of data on the C, k
parameters accumulated over the past decades, both in the framework of the power law
and the lognormal parameterizations.
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1. Introduction

[2] The power law and lognormal parameterizations of
aerosol size spectra and supersaturation activity spectra are
widely used in studies of aerosol optical and radiative
properties, cloud physics, and climate research. These
two kinds of parameterizations exist in parallel, implicitly
compete, but their relation is unclear. One of the most
important applications of the power and lognormal laws is

parameterization of the concentrations of cloud drops Nd

and cloud condensation nuclei NCCN (CCN), on which the
drops form. They influence cloud optical and radiative
properties as well as the rate of precipitation formation.
Precise evaluation of NCCN is required, in particular, for
correct estimation of anthropogenic aerosol effects on
cloud albedo [Twomey, 1977] and precipitation [Albrecht,
1989].
[3] The most commonly used parameterization of the

concentration of cloud drops or cloud condensation nuclei
NCCN on which the drops activate is a power law by the
supersaturation s reached in a cloud parcel is

NCCN sð Þ ¼ Csk ; ð1Þ
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which is referred to in the literature as the integral or
cumulative CCN activity spectrum. Numerous studies have
provided a wealth of data on the parameters k and C for
various geographical regions [see, e.g., Hegg and Hobbs,
1992; Pruppacher and Klett, 1997, Table 9.1, hereafter
referred to as PK97]. Parameterizations of the type (1) were
derived by Squires [1958] and Twomey [1959], using
several assumptions and similar power law for the
differential CCN activity spectrum, js(s)

js sð Þ ¼ dNCCN=ds ¼ Cksk�1: ð2Þ

Equations (1) and (2) have been used for several decades in
many cloud models with empirical values of k and C that
are assumed to be constant for a given air mass [PK97] and
are usually constant during model runs.
[4] To explain the empirical dependencies (1) and (2),

models were developed of partially soluble CCN with the
size spectra of Junge-type power law f(r) � r�m (total
aerosol concentration Na � r�(m�1)) and the index k was
expressed as a function of m. Jiusto and Lala [1981] found a
linear relation

k ¼ 2 m� 1ð Þ=3; ð3Þ

which implies k = 2 for a typical Junge index m = 4, while
the experimental values of k compiled in that work varied
over the range 0.2–4. Levin and Sedunov [1966], Sedunov
[1974], Smirnov [1978], and Cohard et al. [1998, 2000]
derived more general power law or algebraic equations for
js(s) and expressed k as a function of m and CCN soluble
fraction. Khvorostyanov and Curry [1999a, 1999b, hereafter
referred to as KC99a, KC99b] derived power laws for the
size spectra of the wet and interstitial aerosol, for the
activity spectra js(s), NCCN(s) and for the Angstrom
wavelength index of extinction coefficient, and found linear
relations among these indices expressed in terms of the
index m and aerosol soluble fraction.
[5] A deficiency of (1) is that it overestimates the droplet

concentration at large s and predicts values of droplet
concentration that exceeds total aerosol concentration; this
occurs because of the functional form of the power law and
use of a single value of k. Many field and laboratory
measurements have shown that a more realistic NCCN(s)
spectrum in log-log coordinates is not linear as it would be
with k = const, but has a concave curvature, i.e., the index k
decreases with increasing s [e.g., Jiusto and Lala, 1981;
Hudson, 1984; Yum and Hudson, 2001]. This deficiency in
(1) has been corrected in various ways: (1) by introducing
the C-k space and constructing nomograms in this space
[Braham, 1976]; (2) by constructing js(s) that rapidly
decreases at high s [Cohard et al., 1998, 2000] or integral
empirical spectra NCCN(s) [Ji and Shaw, 1998] that yield
finite drop concentrations at large s; (3) by considering the
decrease in the indices m, k with decreasing aerosol size
[KC99a]; (4) by using a lognormal CCN size spectrum
instead of the power law, which yields concave spectra [von
der Emde and Wacker, 1993; Ghan et al., 1993, 1995, 1997;
Feingold et al., 1994; Abdul-Razzak et al., 1998; Abdul-
Razzak and Ghan, 2000; Nenes and Seinfeld, 2003;
Rissman et al., 2004; Fountoukis and Nenes, 2005]. On

the basis of these studies, the prognostic equations for the
drop concentration are recently being incorporated into
climate models [Ghan et al., 1997; Lohmann et al., 1999].
[6] However, the power laws (1), (2) are still used in

many cloud models and in analyses of field and chamber
experiments. The relation between the power law and newer
lognormal parameterization is unclear. In this paper, a
modified power law is derived and its equivalence to the
lognormal parameterizations is established. In section 2, a
model of mixed (partially soluble) dry CCN is developed
with parameterization of the soluble fraction as a function of
the dry nucleus radius and a power law Junge-type repre-
sentation of the lognormal size spectra is derived. To allow a
more accurate estimate of aerosol contribution into the
cloud optical properties and to the Twomey effect, a
lognormal spectrum of the wet interstitial aerosol is found
using Köhler theory. In section 3, a new algebraic repre-
sentation of the lognormal spectra is derived. The differen-
tial CCN activity spectra as a modification of (2) are derived
in section 4 in both the lognormal and algebraic forms. In
section 5, the cumulative CCN spectra as a modification of
(1) are derived in both lognormal and algebraic forms.
Finally, a modified power law is derived as a modification
of (1), expressing the parameters C and k as continuous
algebraic functions of supersaturation and parameters of
aerosol microstructure and physicochemical properties. The
advantages of this new power law relationship include drop
concentration bounded by the total aerosol concentration at
high supersaturations, quantitative explanation of the exper-
imental data on the k-index, and the possibility to express
k(s) and C(s) directly via the aerosol microphysics. This
formulation allows reconciliation of this modified power
law and the lognormal parameterizations, which is illustrated
with several examples. Summary and conclusions are given
in section 6.

2. Correspondence Between the Lognormal and
Power Law Size Spectra

2.1. Lognormal Size Spectra of the Dry and Wet
Aerosol

[7] We consider a polydisperse ensemble of mixed aero-
sol particles consisting of soluble and insoluble fractions.
The lognormal size spectrum of dry aerosol fd(rd) by the dry
radii rd can be presented in the form:

fd rdð Þ ¼ Naffiffiffiffiffiffi
2p

p
ln sdð Þrd

exp � ln2 rd=rd0ð Þ
2 ln2 sd

� �
; ð4Þ

where Na is the aerosol number concentration, sd is the
dispersion of the dry spectrum, and rd0 is the mean
geometric radius related to the modal radius rm as

rm ¼ rd0 exp � ln2 sd
� �

: ð5Þ

As the relative humidity H exceeds the threshold of
deliquescence Hth of the soluble fraction, the hygroscopic
growth of the particles begins and initially dry CCN convert
into wet ‘‘haze particles.’’ To derive the size spectrum of the
wet aerosol, we need relations between the dry radius rd and
a corresponding radius of a wet particle rw. These relations
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can be obtained using the Köhler equation for super-
saturation s = (rv � rvs)/rvs that can be written for the dilute
solution particles as [PK97]:

s ¼ H � 1 ¼ Ak

r
� B

r3
: ð6Þ

Ak ¼
2MwVsa
RTrw

; B ¼ 3nFsmsMw

4pMsrw
: ð7Þ

Here rv, rvs, and rw are the densities of vapor, saturated
vapor, and water, H is the ambient relative humidity, Ak is
the Kelvin curvature parameter, Mw is the molecular weight
of water, zsa is the surface tension at the solution-air
interface, R is the universal gas constant, T is the
temperature (in degrees Kelvin). The parameter B describes
effects of the soluble fraction, n is the number of ions in
solution, Fs is the osmotic potential, ms and Ms are the mass
and molecular weight of the soluble fraction.
[8] The radius rw can be related to rd as in the work of

KC99a using a convenient parameterization of the soluble
fraction and the parameter B, following Levin and Sedunov
[1966], Sedunov [1974]:

B ¼ br
2 1þbð Þ
d ð8Þ

where the parameters b and b depend on the chemical
composition and physical properties of the soluble part of an
aerosol particle. The parameter b describes the soluble
fraction of an aerosol particle. Generally, the solubility
decreases with increasing particle size [e.g., Laktionov,
1972; Sedunov, 1974; PK97], so that b decreases with
increasing rd and may vary from 0.5, when soluble fraction
is proportional to the volume, to �1, when soluble fraction
is independent of the radius. This variation describes the
change of the dominant mechanisms of accumulation of
soluble fraction with growing particle size. A detailed
analysis of these mechanisms is given, e.g., in the work of
PK97 and Seinfeld and Pandis [1998] and is beyond the
scope of this paper. We consider in more detail two
particular cases.
[9] 1. b = 0.5. The value b = 0.5 corresponds to the case

B = brd
3, when soluble fraction is distributed within particle

volume, is proportional to it, and is usually implicitly
assumed in most parameterizations of CCN deliquescence
and drop activation [e.g., von der Emde and Wacker, 1993;
Ghan et al., 1993, 1995; Abdul-Razzak et al., 1998; Abdul-
Razzak and Ghan, 2000]. It was found in the work of
KC99a that with b = 0.5, the quantity b is a dimensionless
parameter:

b ¼ nFsð Þev
rs
rw

Mw

Ms

; ð9aÞ

where rs is the density of the soluble fraction, ev is its
volume fraction.
[10] 2. b = 0. Then B = brd

2, i.e., mass of soluble fraction
is proportional to the surface area where it is accumulated as
a film or shell. The particle volume fraction was parame-
terized in the work of KC99a as ev(rd) = ev0(rd1/rd), where

rd1 is some scaling parameter and ev0 is the reference soluble
fraction (dimensionless). We then obtain for b

b ¼ rd1ev0 nFsð Þ rs
rw

Mw

Ms

: ð9bÞ

For this case, b has the dimension of length and is
proportional to the scaling radius rd1. If the thickness l0 of
the soluble shell is much smaller than the radius rd of a
spherical insoluble core, l0 � rd,, then approximately ms 	
4prsrd

2l0, ev(rd) = 3l0/rd, and in (9b) ev0 = 1, rd1 = 3l0, and

b ¼ 3l0 nFsð Þ rs
rw

Mw

Ms

: ð9cÞ

The parameterizations (9b) and (9c) might be used, in
particular, for surface-active substances that are accumu-
lated near the particle surface [e.g., Rissman et al., 2004] or
for soluble shell coatings of particles with insoluble cores
such as dust when heterogeneous chemical reactions on the
particle surface may lead to formation of such coatings [e.g.,
Laktionov, 1972; Levin et al., 1996; Sassen et al., 2003;
Bauer and Koch, 2005].
[11] The values of b for aerosols with volume-propor-

tional soluble components (b = 0.5) consisting of NaCl and
ammonium sulphate evaluated from (9a) are determined as
follows, using data obtained from PK97. If the soluble
material is NaCl (Ms = 58.5, rs = 2.16 g cm�3, n = 2,
Fs 	 1 for dilute solutions), then b = 1.33 for ev = 1
(fully soluble nuclei), and b = 0.26 for ev = 0.20. If the
soluble material is ammonium sulphate (Ms = 132, rs =
1.77 g cm�3, n = 3, Fs 	 0.767 for molality of 0.1, so that
nFs 	 2.3), then b = 0.55 for fully soluble nuclei (ev = 1),
and b = 0.25 for ev = 0.45. In the calculations below, we
consider mostly the case b = 0.5 (volume-proportional) and
use the value b = 0.25, which may correspond to the dry
aerosol containing �50 % ammonium sulphate, as found by
Hänel [1976] in measurements of continental and marine
(Atlantic) aerosols, or 20% NaCl, as was assumed by Junge
[1963]. All of the results below can be recalculated for b = 0
with an appropriate model of the soluble shell (some
estimates are given below for the case b = 0), to any other
ev, or for any other chemical composition using appropriate
values of Ms and rs. The soluble aerosol fraction often
decreases with increasing radius [PK97], and this feature
can be described by choosing an appropriate superposition
of the aerosol size spectra with the two soluble fractions:
volume- proportional (b = 0.5 for smaller fraction) and
surface-proportional (b = 0 for larger fraction).
[12] The size spectrum of the wet aerosol fw(rw) can be

obtained using the relations between the dry rd and wet rw
radii. Various solutions for the humidity dependence of
rw(H) at subsaturation and supersaturation were found in
algebraic and trigonometric forms using the Kohler’s equa-
tion (6) [e.g., Levin and Sedunov, 1966; Sedunov, 1974;
Hänel, 1976; Fitzgerald, 1975; Smirnov, 1978; Fitzgerald et
al., 1982; Khvorostyanov and Curry, 1999a; Cohard et al.,
2000]. In this work, we consider only the wet interstitial
aerosol, and humidity transformations at subsaturation will
be considered in a separate paper.
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