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A New Theory of Heterogeneous Ice Nucleation for Application

in Cloud and Climate Models

Vitaly I. Khvorostyanov and Judith A. Curry

Abstract. A new formulation is presented of the thermody-
namical theory of heterogeneous ice crystal nucleation in
clouds by freezing. This theory unifies and explains the em-
pirical ice nuclei dependence on temperature and supersatura-
tion, predicts crystal formation via condensation-freezing at a
subsaturation over water. The theory also explains observa-
tions of high nucleation rates and crystal concentrations at
warm (-5 > -12 °C) temperatures when the splintering mecha-
nism may be not effective. This theory can be applied to pa-
rameterizations for use in cloud and climate models.

1. Introduction

The heterogeneous nucleation of ice crystals on ice nuclei
(IN) governs the phase transformation of clouds and precipita-
tion formation, and thereby influences the life times and opti-
cal properties of clouds. Heterogeneous nucleation of ice has
also been studied in the context of cloud seeding and weather
modification efforts.

As summarized by Pruppacher and Klett [1997, hereafter
PK97], two main functional relationships between IN and the
heterogeneous nucleation of ice have been found: 1) tempera-
ture dependence [Fletcher, 1962], NyM(T); and 2) dependence
on ice saturation ratio S; or ice supersaturation, &=Sr-1,
[Huffman, 1973; Meyers et al., 1992, hereafter MDC92].
MDC92 showed that Fletcher’s 7-dependence underpredicts
the ice needle concentation by 10'-10% at -5°C < T <-25°C, but
may overpredict Ny by 10°-10° at 7< -40°C.

Dependence of IN concentration on supersaturation has
been invoked to explain the phenomenon of “ice multiplica-
tion” in clouds [e.g., Rangno and Hobbs, 1991, hereafter
RHY9I] and could not be explained with Fletcher’s T-
dependence or the Hallet-Mossop  splintering  mechanism.
RH9I hypothesized that high water supersaturation &,~5-
10% is required to explain the ice multiplication.

The above 7- and &-relations for IN concentration have
been derived empirically. Fletcher [1962, 1969] formulated
the classical theory of heterogeneous nucleation of an ice germ
on the surface of an insoluble substrate for the freezing and
deposition modes. Fukuta and Schaller [1982] extended
Fletcher’s theory by assuming that condensation and freezing
proceeds in two steps. In all of the classical formulations, the
T- and &effects remain independent, and condensation-
freezing may occur only at water supersaturation.

In this paper, we examine heterogenous ice nucleation via
condensation-freezing (CF) and derive a general expression for
the critical radius of an ice germ and free energy that depend
simultaneously on both 7 and S, and allows CF at S, < 1.
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The rate of CF is compared also with the deposition mode of
ice nucleation. This theory explains many observed features of
heterogeneous nucleation, and creates a basis for more physi-
cally justifiable parameterizations of heterogeneous nuclea-
tion in cloud and climate models.

2. Critical Radius, Energy, Nucleation Rates

The classical theory of heterogeneous ice nucleation con-
siders two main mechanisms of ice formation: 1) ice germ for-
mation on the surface of the solid insoluble substrate (SIS)
which is in contact with a supercooled liquid droplet (hereaf-
ter referred to as the “freezing” mode) that may occur in con-
densation-freezing, contact, and immersion modes; and 2) ice
germ formation fromthe vapor on the surface of the insoluble
curved substrate (hereafter referred to as the “deposition”
mode). We consider models for both freezing and deposition
nucleation, whereby [following Fletcher, 1962] a droplet and
an ice germ are approximated by a spherical cap on the surface
of a solid aerosol particle.

2.1 Freezing Mode

Mixed aerosol particles usually contain a partially soluble
portion (cloud condensation nucleus, CCN) along with an in-
soluble portion. After deliquescence of the CCN at S,<0, the
SIS may initiate ice nucleation in the solution. The rate of
germ formation in a supercooled droplet of water or solution
per unit time per particle, Js 4 [s"'], can be calculated following
PK97:
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where k and 4 are Boltzmann’s and Planck’s constants, Z is
Zeldovich factor, N~=5.85x10'2 c¢m?is the number of water
molecules contacting unit area of ice germ, €2, is the ice cap
surface area, AF, is the activation energy of water molecule
transition from liquid to ice at the solution-ice interface, AFgs
is the critical energy of germ formation, ry the radius of an in-
soluble fraction of an aerosol particle (IN), and ¢;=10% cm™
is the concentration of water molecules adsorbed on 1 cm™ of a
surface. Following PK97 (p.342), ZN.Qgs~1. In the classical
theory, the expression for AFys is related to the critical radius
rg of an ice germ [Fletcher, 1962; PK97].

The classical expressions for r; and AFys do not account for
solution effects in the droplet, the temperature dependence of
the latent heat of fusion, and the supersaturation (humidity)
dependence. The generalized expressions for r, and energy
AFgg that account for both dependencies can be derived in a
manner similar to Khvorostyanov and Sassen [1998, KS98],
using some methods from Khvorostyanov and Curry [1999],
and incorporating here the effects of the insoluble substance.
We start with the general thermodynamical condition of equi-
librium for an aqueous solution droplet with radius rg4, con-
taining an ice germ of radius r, located on a curved insoluble
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substrate with radius rv [PK97, (6-52)], generalized to ac-
count for the elastic misfit strain of the ice lattice by the in-
soluble substrate following Turnbull and Vonnegut [1952).
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Here L, is the latent heat of fusion, p; and p, the ice and water
densities, o0y, and 0js are the surface tensions at the solution-air
and solution-ice interfaces, M, is the molecular weight of wa-
ter, R is the universal gas constant, € is the elastic strain pro-
duced in ice embryo by the insoluble substrate, and C is the
constant estimated by Turnbull and Vonnegut as 1.7x10""  dyn
cm™. The values of € are discussed in section 3. The activity
of water a,, in solution is defined by
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where @y is the osmotic coefficient, v is the number of ions in
solution, &, and M, are the mass fraction and the molecular
weight of soluble material of a nucleus, and py is the density
of the insoluble fraction.

Using a polynomial fit for L,(T) [PK97], we can integrate
(2.2) with the usual boundary conditions (aw =1, rg=-oo, and &
=0at 7= Ty), and obtain:
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Here By, = (205aM./pwRT) is Kelvin’s curvature parameter for
the air-solution interface, R the universal gas constant and we
introduce an “effective” latent heat of fusion following KS98.

A droplet is much larger than an ice germ, ry >> ry, SO We
can neglect the first term in the first bracket on the RHS of
(2.4). The expression (2.4) can be simplified using the Kohler
equation, which relates the saturation ratio over water S, to
the curvature and solution [PK97, (6-33)]:
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Using (2.5), the ice germ radius can be found from (2.4):
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where we have introduced a new dimensionless parameter

G(T) = RTIM,, L& (T) @.7)
The critical energy AfFgs can then be expressed as
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where flm;, x) is the shape factor caused by the geometry of

the spherical cap and an aerosol particle with radius ry, so.

that x = ry/rg. The term mis = cos8iy = [(Ons-Oni)/0is] is the co-
sine of the contact angle or “wettability ~parameter” at the so-
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lution-ice interface and f{x, m;) is defined by [Fletcher, 1962]:
2f(m,x) =1+[(1-mx)/ 9] +x32 =3y +y?) +3mx’(y - 1),
1/2
W =(x-m)lo, ¢=(1—2mx+x2) 2.9)

The expression for AFgs can be generalized following
Fletcher [1969] to account for the “active sites” with the rela-
tive area ¢, so that an IN of radius ry contains the area
orn’<<4mr?, with mis=1, and the rest of the surface with mjs <
1. Then AFgs is

AF, = ém,.sr; flmg,x) ok (1—myg) (2.10)

Eqgs. (2.6)-(2.10) along with (2.1) for Js,ﬁ‘. provide the solu-
tion to the problem of heterogeneous nucleation by freezing
mode on the surface of a single aerosol particle (IN). For the
condensation-freezing mode, the crystal concentration Ny and
crystal nucleation rate dN;/dt=R; (cm™s™) in a polydisperse
aerosol with uniform size and surface properties can be calcu-
lated by integrating the probability of freezing Pz of an indi-
vidual droplet over aerosol size spectrum f{ry), normalized to
the aerosol concentration Ng:

Ng ()= JPfr(rN’z)f(rN)drN’

min
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For the immersion mode, the probability of freezing of an
aerosol particle Ps(ry) embedded in a drop with radius ry
should be averaged over flry) (the activated aerosol embedded
in drops), and integrated over the drop size spectrum f{ra).
The calculation for the contact mode is a little more compli-
cated and can be based on the evaluation of the Brownian,
diffusive and thermoforetic fluxes of interstitial unactivated
aerosol to a drop [e.g., Young, 1993].

The previous considerations show that the same aerosol
particles may act both as IN and CCN under various condi-
tions; thus N, is of the order of Nccy. The classical formulation
for condensation-freezing mode [PK97, (9-38)] allowed nu-
cleation only for the case of water saturation. This new formu-
lation (2.6)-(2.8) allows nucleation both for supersaturation
in liquid clouds and at subsaturation over water, S, <1, but
supersaturated over ice, S; > 1.
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2.2. Deposition Mode

The work of an ice germ formation from the vapor is [follow-
ing Young, 1993, PK97]:
4r
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where M, is the wettability parameter at the ice-vapor inter-
face. Then the nucleation rate Jsq,” can be written as [PK97]
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where e is the vapor pressure, m, the mass of water molecule,
¢y,s concentration of vapor molecules in the monolayer on the
surface. The preexponential factor (kinetic coefficient) is about
10%.ry? cm? [Fletcher, 1962]. The crystal nucleation rate

T dep(ry T) = (2.13)






